EQUIVARIANT POINCARE DUALITY FOR QUANTUM GROUP 

ACTIONS 



RYSZARD NEST AND CHRISTIAN VOIGT 



Abstract. We extend the notion of Poincare duality in KK-thcovy to the 
setting of quantum group actions. An important ingredient in our approach is 
the replacement of ordinary tensor products by braided tensor products. Along 
the way we discuss general properties of equivariant K K-theorj for locally 
compact quantum groups, including the construction of exterior products. As 
an example, we prove that the standard Podles sphere is equivariantly Poincare 
dual to itself. 

1. Introduction 

The notion of Poincare duality in /iT-theory plays an important role in noncom- 
mutative geometry. In particular, it is a fundamental ingredient in the theory of 
noncommutative manifolds due to Connes [llj . 

A noncommutative manifold is given by a spectral triple {A, H, D) where ^ is a 
*-algebra represented on a Hilbcrt space H and D is an unbounded self-adjoint 
operator on H . The basic requirements on this data are that D has compact resol- 
vent and that the commutators a] arc bounded for all a ^ A. There are further 
ingredients in the definition of a noncommutative manifold, in particular a grading 
and the concept of a real structure [12j . |13| . An important recent result due to 
Connes is the reconstruction theorem [14| . which asserts that in the commutative 
case, under some natural conditions, the algebra A is isomorphic to C°°(A/) for a 
unique smooth manifold M . The real structure produces a version of A'O-Poincare 
duality, which is a necessary ingredient for the existence of a smooth structure. 
Quantum groups and their homogeneous spaces give natural and interesting exam- 
ples of noncommutative spaces, and several cases of associated spectral triples have 
been constructed [T5], [TUI, [IS], [IZ], [101 ■ An important guiding principle in all 
these constructions is equivariance with respect to the action of a quantum group. 
In |46j . [18j a general framework for equivariant spectral triples is formulated, in- 
cluding an equivariance condition for real structures. However, in some examples 
the original axioms in [12| are only satisfied up to infinitesimals in this setup |16| . 
jl7j . The iC-theoretic interpretation of a real structure up to infinitesimals is un- 
clear. 

In this paper we introduce a notion of /iT-theoretic Poincare duality which is par- 
ticularly adapted to the symmetry of quantum group actions. More precisely, we 
generalize the definition of Poincare duality in XA'-theory given by Connes [TT] to 
C*-algebras with a coaction of a quantum group using braided tensor products. 
Braided tensor products are well-known in the algebraic approach to quantum 
groups [30j . in our context they are constructed using coactions of the Drinfeld 
double of a locally compact quantum group. 

The example we study in detail is the standard Podles sphere, and we prove that it 
is equivariantly Poincare dual to itself with respect to the natural action of SUq{2). 
The Drinfeld double of SUq{2), appearing as the symmetry group in this case, is 
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the quantum Lorentz group [32] j a noncompact quantum group built up out of 
a compact and a discrete part. We remark that the additional symmetry of the 
Podles sphere which is encoded in the discrete part of the quantum Lorentz group 
is not visible classically. 

The spectral triple corresponding to the Dirac operator on the standard Podles 
sphere (15j can be equipped with a real structure, and, due to [52j . it satisfies 
Poincare duality in the sense of [T^] . From this point of view the standard Podles 
sphere is very well-behaved. However, already in this example the formulation of 
equivariant Poincare duality requires the setup proposed in this paper. 
Usually, the symmetry of an equivariant spectral triple is implemented by the ac- 
tion of a quantized universal enveloping algebra. In our approach we have to work 
with coactions of the quantized algebra of functions instead. Both descriptions are 
essentially equivalent, but an advantage of coactions is that the correct definition 
of equivariant ii'-theory and A'- homology in this setting is already contained in [1] . 
In particular, we do not need to consider constructions of equivariant .ftT-theory as 
in |39j . [52j which do not extend to general quantum groups. 

Let us now describe how the paper is organized. In the first part of the paper we 
discuss some results related to locally compact quantum groups and A'A"-theory. 
Section [5] contains an introduction to locally compact quantum groups, their coac- 
tions and associated crossed products. In particular, we review parts of the foun- 
dational work of Vaes on induced coactions |48| which are relevant to this paper. 
In section [3] we introduce Yetter-Drinfeld-C*-algebras and braided tensor products 
and discuss their basic properties, including compatiblity with induction and re- 
striction. Then, in section [31 we review the definition of equivariant A'AT-theory 
for quantum groups following Baaj and Skandalis [ij. In particular, we show that 
KK'^ for a regular locally compact quantum group G satisfies a universal property 
as in the group case. A new feature in the quantum setting is the construction of 
exterior products for KK'^ . The non-triviality of it is related to the fact that a 
tensor product of two algebras with a coaction of a quantum group does not inherit 
a natural coaction in general, in distinction to the case of a group action. We deal 
with this problem using braided tensor products. 

Basic facts concerning SUq{2) and the standard Podles sphere SUq{2)/T are re- 
viewed in section [5] The main definition and results are contained in section [SI 
where we introduce the concept of equivariant Poincare duality with respect to 
quantum group actions and show that SUq{2)/T is equivariantly Poincare dual to 
itself. As an immediate consequence we determine the equivariant A'-homology of 
the Podles sphere. 

Let us make some remarks on notation. We write 'h{£,T) for the space of ad- 
jointablc operators between Hilbert A-modules £ and T. Moreover ]K(f,J^) de- 
notes the space of compact operators, li £ = J- we write simply L(f ) and K(£'), 
respectively. The closed linear span of a subset A" of a Banach space is denoted by 
[X]. Depending on the context, the symbol ® denotes either the tensor product of 
Hilbert spaces, the minimal tensor product of C*-algebras, or the tensor product of 
von Neumann algebras. For operators on multiple tensor products we use the leg 
numbering notation. 

It is a pleasure to thank Uli Krahmcr for interesting discussions on the subject of 
this paper. The second author is indebted to Stefaan Vaes for helpful explanations 
concerning induced coactions and braided tensor products. A part of this work was 
done during stays of the authors in Warsaw supported by EU-grant MKTD-CT- 
2004-509794. We are grateful to Piotr Hajac for his kind hospitality. 
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2. Locally compact quantum groups and their coactions 

In this section we recall basic definitions and results from the theory of locally 
compact quantum groups and fix our notation. For more detailed information we 
refer to the literature P]. ^j. [ig]. 

Let (/) be a normal, semifinite and faithful weight on a von Neumann algebra M . 
We use the standard notation 

M'l = {x <E M+\(}){x) < oo}, A/'^ = {x e M\<j){x*x) < 00} 

and write for the space of positive normal linear functionals on M . Assume 
that A:M— >Mi8)Misa normal unital *-homomorphism. The weight is called 
left invariant with respect to A if 

(t){{uj ® id)A(a:)) = 

for all a; G and u E . Similarly one defines the notion of a right invariant 
weight. 

Definition 2.1. A locally compact quantum group G is given by a von Neumann 
algebra L°°{G) together with a normal unital *-homomorphism A : L°°{G) — > 
L°°{G) ®L°°[G) satisfying the coassociativity relation 

(A (g) id) A = (id(g)A)A 

and normal semifinite faithful weights <j) and tJj on L°°(G) which are left and right 
invariant, respectively. 

Our notation for locally compact quantum groups is intended to make clear how 
ordinary locally compact groups can be viewed as quantum groups. Indeed, if G is a 
locally compact group, then the algebra L°°{G) of essentially bounded measurable 
functions on G together with the comultiplication A : L°°(G) L°°{G) (g) L°°{G) 
given by 

A(/)(s,t) = /(st) 

defines a locally compact quantum group. The weights 4> and ip are given in this 
case by left and right Haar measures, respectively. 

Of course, for a general locally compact quantum group G the notation L°°[G) 
is purely formal. Similar remarks apply to the C*-algebras Cf{G),C*{G) and 
Cj(G), C'q{G) associated to G that we discuss below. It is convenient to view all of 
them as different appearances of the quantum group G. 

Let G be a locally compact quantum group and let A : Af^ — > be a GNS- 
construction for the weight <f). Throughout the paper we will only consider quantum 
groups for which Mq is a separable Hilbert space. One obtains a unitary Wg = W 
on Hg (g) Hg by 

W*{A{x) ® A{y)) ^(A(E) A){A{y){x ® 1)) 

for all x,y E Af^. This unitary is multiplicative, which means that W satisfies the 
pentagonal equation 

W12W13W23 = W23W12. 
From W one can recover the von Neumann algebra L°°{G) as the strong closure 
of the algebra (id (g)L(IHlG)*)(VF) where L(Hg)* denotes the space of normal linear 
functionals on L(]HIg). Moreover one has 

A(a;) W*{l(g>x)W 

for all x G M. The algebra L°°{G) has an antipode which is an unbounded, a- 
strong* closed linear map S given by 5(id ®uj)(W) = (id ®uj)(W*) for uj e L(Hg)*. 
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Moreover there is a polar decomposition S ~ Rt_i/2 where R is an antiautomor- 
phism of L°°{G) called the unitary antipode and (rt) is a strongly continuous one- 
parameter group of automorphisms of L°°[G) called the scaling group. The unitary 
antipode satisfies a{R® R)A = AR. 

The group- von Neumann algebra C{G) of the quantum group G is the strong closure 
of the algebra (L(]HlG)*®id)(l^) with the comultiplication A : jC{G) C{G)®C{G) 
given by 

A(y) = W*{\®y)W 
where W = S]iy*S and S e L(IHIg ® Hg) is the flip map. It defines a locally com- 
pact quantum group G which is called the dual of G. The left invariant weight (j) 
for the dual quantum group has a GNS-construction A : Hq, and according 

to our conventions we have C{G) ~ L°°{G). 

The modular conjugations of the weights (j) and are denoted by J and J, respec- 
tively. These operators implement the unitary antipodes in the sense that 

R{x) = Jx*J, R{y) = Jy*J 

fora; e L°°{G) and y e C{G). Note that L°°(G)' = J (G) J said C{Gy = JC{G)J 
for the commutants of L°°{G) and C{G). Using J and J one obtains multiplicative 
unitaries 

V = {J ® J)W{J ® J), V ^ {J ® J)W{J ® J) 

which satisfy V G C{G)' ® L°°(G) and V G L°°(G)' ® £(G), respectively. 
We will mainly work with the C*-algebras associated to the locally compact quan- 
tum group G. The algebra [(id (g)L(]HlG)*)(M^)] is a strongly dense C*-subalgebra 
of i°°(G) which we denote by C'o{G). Dually, the algebra [(L(Hg)* id)(H^)] is a 
strongly dense G*-subalgebra of C{G) which we denote by C*[G). These algebras 
are the reduced algebra of continuous functions vanishing at infinity on G and the 
reduced group G*-algebra of G, respectively. One has W G M{C'q{G) ® C*{G)). 
Restriction of the comultiplications on L°°[G) and C{G) turns Cq{G) and G*{G) 
into Hopf-G*-algebras in the following sense. 

Definition 2.2. A Hopf C* -algebra is a C*-algebra S together with an injective 
nondegenerate *-homomorphism A : 5* — > Af (S" (g) S*) such that the diagram 

S ^ M{S ® S) 

id (giA 

M{S (E> S) M{S (E)S(E)S) 

is commutative and [A(S')(1 ® S)] ^ S S ^ [{S 1)A{S)]. 

A morphism between Hopf-C* -algebras (5*, Ag) and {T,At) is a nondegenerate *- 
homomorphism t: : S —>■ M{T) such that At tt = (tt (8) 7r)A5. 

If 5 is a Hopf-G*-algebra we write 5™p for the IIopf-G*-algebra obtained by 
equipping S with the opposite comultiplication A™p = a A. 

A unitary corepresentation of a IIopf-G*-algebra S" on a Hilbert B-module 5 is a 
unitary X G L,{S £) satisfying 

(A®id)(X) =^13X23. 

A universal dual of is a IIopf-G*-algebra S together with a unitary corepresen- 
tation X G M{S ^ S) satisfying the following universal property. For every Hilbert 
_B-module £ and every unitary corepresentations X G L(S'(X)5) there exists a unique 
nondegenerate *-homomorphism ttx ■ S — > L(£) such that {id(E)TTx){X) = X. 
For every locally compact quantum group G there exists a universal dual Gf*(G) 
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of C'o{G) and a universal dual C^(G) of C;(G), respectively [57]. We call Cf*(G) 
the maximal group G*-algcbra of G and Cq{G) the maximal algebra of continu- 
ous functions on G vanishing at infinity. Since Wq is assumed to be separable the 
C'*-algebras Cq(G), Co(G) and Cf(G),G*{G) are separable. The quantum group 
G is called compact if Gl{G) is unital, and it is called discrete if Gf*(G) is unital. 
In the compact case we also write C^{G) and G'{G) instead of Gj(G) and Gq(G), 
respectively. 

In general, we have a surjective morphism tt : Gf*(G) C*{G) of Hopf-G*-algebras 
associated to the left regular corepresentation W G M(Go(G) (E> G*(G)). Similarly, 
there is a surjective morphism tt : Gq(G) — > Gq(G). We will call the quantum 
group G amenable if tt : Gf*(G) — > G*(G) is an isomorphism and coamenable if 
TT : Gq{G) Gq{G) is an isomorphism. If G is amenable or coamenable, respec- 
tively, we also write G*(G) and Go(G) for the corresponding G*-algebras. For more 
information on amenability for locally compact quantum groups see [S]. 
Let S" be a G*-algebra. The ^-relative multiplier algebra Ms{S ® A) C M{S A) 
of a G*-algebra A consists of all x S M{S ® A) such that the relations 

x{S (gil) c S A, {S(gil)xcS®A 

hold. In the sequel we tacitly use basic properties of relative multiplier algebras 
which can be found in [20| . 

Definition 2.3. A (left) coaction of a Hopf C* -algebra S on a G* -algebra A is an 
injective nondegenerate *-homomorphism a : A — > M{S(EiA) such that the diagram 

A ^ M{S ® A) 

M{S A) M{S ^S®A) 

is commutative and a{A) C Ms{S (g) A). The coaction is called continuous if 
[aiA){S (g> 1)] =S(g>A. 

If {A, a) and {B,f3) are G* -algebras with coactions of S, then a *-homomorphism 
f : A^ M{B) is called S-colinear if Pf = (id(g)/)Q;. 

We remark that some authors do not require a coaction to be injective. For a 
discussion of the continuity condition see [3] . 

A G*-algebra A equipped with a continuous coaction of the Hopf-G*-algebra S 
will be called an S-C* -algebra. If 5 = Gq(G) for a locally compact quantum 
group G we also say that A is G-G*-algebra. Moreover, in this case iS-colinear *- 
homomorphisms will be called G-equivariant or simply equivariant. We write G-Alg 
for the category of separable G-G*-algebras and equivariant H<-homomorphisms. 
A (nondegenerate) covariant representation of a G-G*-algebra A on a Hilbert-_B- 
module £ consists of a (nondegenerate) *-homomorphism f : A —> h{£) and a 
unitary corepresentation X G L(Gq(G) ® £) such that 

(id ®/)a(a) ^ X* (Kg) f{a))X 

for all a & A. There exists a C*-algebra Gf*(G)™P Kf A, called the full crossed 
product, together with a nondegenerate covariant representation {JatXa) of A on 
Gf*(G)™P Kf A which satisfies the following universal property. For every nonde- 
generate covariant representation (/, X) of A on a IIilbert-i?-module £ there exists 
a unique nondegenerate *-homomorphism F : Gf*(G)™P Kf A ^ L(^)i called the 
integrated form of (/, X), such that 

X = (id®F)(XA), f = FjA. 
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Remark that the corepresentation Xa corresponds to a unique nondegenerate *- 
homomorphism gA : Cf*(G)=°P -> Af(Cf*(G')"P Kf A). 

On the Hilbert A-module Mq ^ A we have a covariant representation of A given 
by the coaction a : A ^ h{Mc (8) A) and W 1. The reduced crossed product 
C*(G')™P Kr A is the image of Cf*(G')™P Xf A under the corresponding integrated 
form. Exphcitly, we have 

C7;(G)=°P <K,A= [(C;(G) ® l)a{A)] 

inside M(Kg (g) A) = L(Hg A) using the notation Kg IK(Hg). There is 
a nondegenerate *-homomorphism Ja ■ A ^ M{C*{Gy°'' Kr A) induced by a. 
Similarly, we have a canonical nondegenerate *-homomorphism gA ■ C*{GY°^ —>■ 
M{C*iGy°P K,A). 

The full and the reduced crossed products admit continuous dual coactions of 
(j*(^Qy°p and C*(G)™p, respectively. In both cases the dual coaction leaves the 
copy of A inside the crossed product invariant and acts by the (opposite) comul- 
tiplication on the group G*-algebra. If G is amenable then the canonical map 
Gf*(G)"P Kf A ^ Gr*(G)''°P Kr A is an isomorphism for all G-G*-algebras A, and we 
will also write G*(G)'^°p k A for the crossed product in this case. 
The comultiphcation A : C'o(G) M{G'o{G) ® G^(G)) defines a coaction of G5(G) 
on itself. On the Hilbert space Mq we have a covariant representation of Gq{G) 
given by the identical representation of G'„{G) and W 6 M(G^(G) (g) Kg). The 
quantum group G is called strongly regular if the associated integrated form in- 
duces an isomorphism Gf*(G)™P Kf Gq{G) = Kq. Similarly, G is called regular 
if the corresponding homomorphism on the reduced level gives an isomorphism 
G*(G)'^°P Kr Gq(G) = Kg- Every strongly regular quantum group is regular, it is 
not known wether there exist regular quantum groups which are not strongly reg- 
ular. If G is regular then the dual G is regular as well. 

Let £b be a right Hilbert module. The multiplier module AI{£) of £ is the 
right Hilbert-M(B)-module M{£) = h{B,£). There is a natural embedding £ = 
K{B,£) — > h{B,£) = M{£). If £a and Tb are Hilbert modules, then a morphism 
from £ to is a linear map $ : £ ^ ^H-^) together with a ^-homomorphism 
4>: A-* M {B) such that 

m)Mv)) = m,v)) 

for all ^, ?/ G £. In this case $ is automatically norm-decreasing and satisfies 
^(C^-) — ^{04>{o) for all ^ G £ and a G A. The morphism <!> is called nondegenerate 
if (j) is nondegenerate and = T. 

Let 5 be a G*-algcbra and let £a be a Hilbert module. The S'-rclative multiplier 
module Ms(S (g £) is the submodule of M{S (E) £) consisting of all multipliers x 
satisfying x{S ®\) (Z S ®£ and [S ® l)x <Z S ®£. For further information we refer 
again to [20] • 

Definition 2.4. Let S be a Hopf-G* -algebra and let 13 : B ^ M{S ® B) be a 
coaction of S on the G* -algebra B. A coaction of S on a Hilbert module £b is a 
nondegenerate morphism X : £ M{S (E) £) such that the diagram 

£ ^ MiS ® £) 

A A(8id 

M{S (E) £) M{S ®S®£) 

is commutative and \{£) C Ms{S Cg) £). The coaction X is called continuous if 
[{S ® 1)X{£)] ^S(g)£ = [X{£){S ® 1)]. 

A morphism $ : 5 — > ^H^) of Hilbert B-modules with coactions Xs and Xj^, 
respectively, is called S-colinear if Xy^^ = (id(K)$)Af. 
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If A : f — > M{S ® f ) is a coaction on the Hilbcrt-_B-modulc £ then the map A is 
automatically isometric and hence injective. 

Let G be a locally compact quantum group and let B be a G-C*-algebra. A G- 
Hilbert i3-module is a Hilbert module £b with a continuous coaction A : £ — > 
M{S £) for S = Cq{G). If G is regular then continuity of the coaction A is 
in fact automatic. Instead of S'-colincar morphisms we also speak of cquivariant 
morphisms between G-Hilbert i?-modules. 

Let B be a G*-algebra equipped with a coaction of the IIopf-G*-algebra S. Given a 
Hilbert module £b with coaction X : £ ^ M(S (E)£) one obtains a unitary operator 

Vx:£(g,B{S(E)B)^S(g,£hy 

for ^ G £ and x G S ® B. Here the tensor product over B is formed with respect to 
the coaction (3 : B ^ M(S ® B). This unitary satisfies the relation 

{id<»cVx){Vx ®(id®/3) id) = Vx «)(Aoid) id 

in h{£ <8i(A«iid)/3 (S" ® 5 ® B), S" S" £), compare [T]. Moreover, the equation 

adA(T) = VA(r®id)y; 

determines a coaction adA : K{£) — > M{S ^ lK(f )) = L(S' (g) £). If the coaction 
A is continuous then ad^ is continuous as well. In particular, if £ is a G-Hilbert 
-B-module with coaction A, then the associated coaction adA turns K{£) into a G- 
G*-algebra. 

Let B be a G*-algebra equipped with the trivial coaction of the Hopf-G*-algcbra 
S and let A : £ — > M{S (E) £) he a coaction on the Hilbert module £b- Then using 
the natural identification £ (^b {S ® B) = £CES = S(>^£ the associated unitary V\ 
determines a unitary corepresentation in L,{S (8) £). Conversely, if F G h{S ® £) 
is a unitary corepresentation then Xy ■ £ ^ M{S ® £) given by Xv{C} =V*{1® ^) 
is a nondegenerate morphism of Hilbert modules satisfying the coaction identity. If 
S = Cq{G) for a regular quantum group G, then Ay defines a continuous coaction 
on £. As a consequence, for a regular quantum group G and a trivial G-G*-algebra 
B, continuous coactions on a Hilbert _B-module £ correspond uniquely to unitary 
corepresentations of Gq(G) on £. 

Let G be a regular quantum group and let £b be a G-Hilbert module with coaction 
Xs ■■ £ M(G5(G) (8) £). Then Wq (g) £ becomes a G-Hilbert B-module with the 
coaction AHG0f (a; = Xi*2Ei2(id (8)A£)(a;(8)^) where X = T,VT, G L(G^(G)8)Kg). 
In particular, for £ = B the algebra Kq ® B = K(EI(3 (g) B) can be viewed as a 
G-G*-algebra. We now state the following version of the Takesaki-Takai duality 
theorem [2]. 

Theorem 2.5. Let G he a regular locally compact quantum group and let A he a 
G-C* -algehra. Then there is a natural isomorphism 

C'oiG) K, G;(G)"p a = Kg a 

of G-C* -algehras. 

An cquivariant Morita equivalence between G-G*-algebras A and B is given by 
an cquivariant A-B-imprimitivity bimodule, that is, a full G-Hilbert B-module £ 
together with an isomorphism A ^ K{£) of G-G*-algebras. Theorem 12.51 shows 
that the double crossed product Cq{G) k,. G*(G)™p A is equivariantly Morita 
equivalent to A for every G-G*-algebra A provided G is regular. 
A morphism B — > G of locally compact quantum groups is a nondegenerate *- 
homomorphism tt : Gj(G) M{Cl{H)) which is compatible with the comulti- 
plications in the sense that (tt (x) 7r)AG = A//7r. Every such morphism induces 
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canonically a dual morphism tt : Cf{H) M{Cf{G)). A closed quantum sub- 
group H d G is a morphism H G for which the latter map is accompanied 
by a faithful normal *-homomorphism C{H) — > C{G) of the group-von Neumann 
algebras, see [50], [48]. In the classical case this notion recovers precisely the closed 
subgroups of a locally compact group G. Observe that there is in general no associ- 
ated homomorphism L°°{G) L°°{H) for a quantum subgroup, this fails already 
in the group case. 

Let H ^ G he sl morphism of quantum groups and let B be a G-C*-algebra with 
coaction (3 : B ^ M{Cq{G) ® B). Identifying /3 with a normal coaction [21] of the 
full C*-algebra Cq{G), the map tt : Cj(G) — > M{Gq{H)) induces on B a continuous 
coaction res(/3) : B -> M{G'q{H) ® B). We write resg(-B) for the resulting H-C*- 
algebra. In this way we obtain a functor res^ : G-Alg H-A\g. 
Conversely, let G be a strongly regular quantum group and let iJ C G be a closed 
quantum subgroup. Given an i7-G*-algebra B, there exists an induced G-C*- 
algebra ind^(i?) such that the following version of Green's imprimitivity theorem 
holds [H]. 

Theorem 2.6. Let G be a strongly regular quantum group and let H d G be a closed 
quantum subgroup. Then there is a natural C* {GY°'^ -colinear Morita equivalence 

G;(G)=°p X, indg(B) C:{Hr^ B 

for all H-G* -algebras B. 

In fact, the induced G*-algebra ind^(i3) is defined by Vaes in [35] using a gen- 
eralized Landstad theorem after construction of its reduced crossed product. A 
description of G;(G)=°p indg(B) can be given as follows. From the quantum 
subgroup H C G one first obtains a right coaction L°°(G) —>■ L°°{G) ® L°°{H) 
on the level of von Neumann algebras. The von-Neumann algebraic homogeneous 
space L°°{G/H) C L°°{G) is defined as the subalgebra of invariants under this 
coaction. If tt' : C{H)' C.{G)' is the homomorphism tt' {x) — Jgt^[JhxJh)Jg 
induced by tt : C{H) C[G), then 

/ = {t; e L(HH,HG)|ra = i:' {x)v for all a; £ C{H)'} 

defines a von-Ncumann algebraic imprimitivity bimodule between the von Neu- 
mann algebraic crossed product C{GY°^ k L°°{G/H) and C{HY°^ . There is a G*- 
algebraic homogeneous space Cq{G/H) C L°°{G/H) and a G*-algcbraic imprimi- 
tivity bimodule T C I which implements a Morita equivalence between G* {Gy°'' k r 
C'o{G/H) and G;{HY°^. Explicitly, we have 

X(g)HG = [Vg(/® l)(id®7r)(f^)(G;(H) ®Hg)]. 

The crossed product of the induced G*-algebra ind^(S) is then given by 

G;(G)"p K,indg(B) = [{I®l)P[B){I* ® 1)] 

where (3 : B ^ M{Gq{H) (gi B) is the coaction on B. 

At several points of the paper we will rely on techniques developed in ^S] . Firstly, 
as indicated in [48j . let us note that wc have induction in stages. 

Proposition 2.7. Let H <Z K <Z G be strongly regular quantum groups. Then there 
is a natural G-equivariant isomorphism 

indg(B) = ind|ind^(B) 

for every H-C*-algebra B. 
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Proof. Let tt^ : C{H) ^{G) be the normal H<-homoniorphism corresponding 
to the inclusion H C G, and denote by Tj^ C I§ C L(]HIjj,EIg) the associated 
imprimitivity bimodules. For the inclusions H C K and K <Z G we use analogous 
notation. By assumption we have t^'^t^h ~ '^ff ' ^'^'^ observe that I^I^ C if^ is 
strongly dense. 

Since the *-homomorphism tt^ is normal and injective we obtain 

® Hg - [{id<E>7r'^){VK){I^ ® l)(id®^g)(-l/^)(C;(if) Hg)] 

which yields 

[jf jf ] ® Hg - [VG(/^/f ® i)(id®^g)(i/^)(c;(ff) ® Hg)]. 

Using the normality of tt^ we see that if (wi)ig/ is a bounded net in converging 
strongly to zero then Vc{vi (g) l)(id ®'T'|/)(Vf^)(a; C3i ^) converges to zero in norm for 
all X G C*{H) and ^ G Hg. As a consequence we obtain = [Xf Xf ] for the 
C*-algebraic imprimitivity bimodules. 

Now let B be an iJ-C*-algebra with coaction (3. Then we have 
C; (G)"°P IX , indg indf (B) = [(Zf ® id ® id) ( (g) id) (indf (S)) ( (Zf ) * ® id id)] 
^ [(Jf id® id)(l^K)t2(Aif ® id)(indg(B))(y;^)i2((Tf )* <E) id® id)] 
- [(X^jf ® id)/3(i3)((Xf )*(Xf )* ® id)] 
= [(Xg ® id)/?(i3)((Xg)* ® id)] C;(G)^°P X, indg(S) 

using conjugation with the unitary ((tt^)' ® id)(y^)i2 in the second step. The re- 
sulting isomorphism between the crossed products C*(G)'^°p k,. ind^ind^(i3) and 
G*(G)'^°P K|.ind^(i3) is G* (G)'^°P-colinear and identifies the natural corcprcscnta- 
tions of Gq(G) on both sides. Hence theorem 6.7 in [48] yields the assertion. □ 
Let C G be a quantum subgroup of a strongly regular quantum group G and let 
B be an i/-G*-algebra with coaction /3. If E denotes the trivial group, then due to 
proposition 12 . 71 we have 

md%{C'o{H) ® S) = indg indf rcsf (B) = indg resf (S) ^ G^(G) ® B 

where Cq{H) (S) B is viewed as an iJ-G*-algebra via comultiplication on the first 
tensor factor. The ^-homomorphism (3 : B ^ M{Cq{H) (g B) induces an injective 
G-equivariant *-homomorphism ind(/3) : ind^(i3) M(ind^(Go(7J) B)), and it 
follows that ind^(i3) is contained in M(Gq(G) B). Using that the coaction /? is 
continuous we see that ind^ (B) is in fact contained in the Gq (G)-relative multiplier 
algebra of G^(G) (g) B. 

Now let A and B be i7-G*-algebras. According to the previous observations 
every iJ-equivariant *-homomorphism f : A ^ B induces a G-equivariant *- 
homomorphism ind^(/) : ind^(^) ind^(i3) in a natural way. We conclude 
that induction defines a functor ind^ : H-A\g G-Alg. 

3. Yetter-Drinfeld algebras and braided tensor products 

In this section we study Yettcr-Drinfcld-G*-algebras and braided tensor prod- 
ucts. We remark that these concepts are well-known in the algebraic approach to 
quantum groups |30j . Yetter-Drinfeld modules for compact quantum groups are 
discussed in [i^ . 

Let us begin with the definition of a Yetter-Drinfeld G*-algebra. 

Definition 3.1. Let G be a locally compact quantum group and let S = Gq(G) 
and S ~ C*{G) he the associated reduced H op J-G* -algebras. A G -Yetter-Drinfeld 



10 



RYSZARD NEST AND CHRISTIAN VOIGT 



C* -algebra is a C* -algebra A equipped with continuous coactions a of S and X of S 
such that the diagram 

^ M(S ® A) ^ M{S (E)S(E)A) 

cr®id 

.^ idRjA - ad(W)®id 

M{S «) A) ^ M{S (E}S(E>A) ^ M(S (g) S (g) A) 

is commutative. Here ad{W){x) = WxW* denotes the adjoint action of the funda- 
mental unitary W € M{S ® S). 

In order to compare definition 13.11 with the notion of a Yetter-Drinfeld module 
in the algebraic setting, one should keep in mind that we work with the opposite 
comultiplication on the dual. In the sequel we will also refer to G- Yetter-Drinfeld 
C*-algebras as G-YD-algebras. A homomorphism of G-YD-algebras f : A B 
is a *-homomorphism which is both G-equivariant and G-equi variant. We remark 
moreover that the concept of a Yetter-Drinfeld-G*-algebra is self-dual, that is, G- 
YD-algebras are the same thing as G-YD-algebras. 

Let us discuss some basic examples of Yetter-Drinfeld-G*-algebras. Consider first 
the case that G is an ordinary locally compact group. Since Go(G) is commutative, 
every G-G*-algebra becomes a G-YD-algebra with the trivial coaction of G*(G). 
Dually, we may start with a G-G*-algebra, that is, a reduced coaction of the group 
G. If G is discrete then such coactions correspond to Fell bundles over G. In this 
case a Yetter-Drinfeld structure is determined by an action of G on the bundle 
which is compatible with the adjoint action on the base G. 

Let G be a locally compact quantum group and consider the G-G*-algebra Gq(G) 
with coaction A. If G is regular the map A : C'q{G) ^ M{C*{G) ® G^(G)) given by 

X{f)^W*{l®f)W 

defines a continuous coaction. Moreover 

(ad(M^) id)(id®A)A(/) ^ 14^12^^23^^1*3(1 ^ 1 ® /)M^i3W^23W^i*2 

= S23W^l*2W^23S23(l ® 1 » f)^23W;:,Wi2^23 

= W^r3W'2*3(l ^ 1 ® /)W^23W^i3 = (cr id)(id ® A)A(/) 

shows that Cq{G) together with A and A is a G- YD-algebra. More generally, we 
can consider a crossed product Cq{G) k^A for a regular quantum group G. The dual 
coaction together with conjugation by W* as above yield a G-YD-algebra structure 
on G'oiG) K,A. 

There is another way to obtain a Yetter-Drinfeld-G*-algebra structure on a crossed 
product. Let again G be a regular quantum group and let A be a G-YD-algebra. 
We obtain a continuous coaction A : G;(G)=°p k,A^ M{G;{G) ® (G;(G)=°p k,A)) 

by 

A(x) = W^i*2(id®A)(x)2i3W^i2 
for a; G G*{GY°'^^rA C L(EIg®A). On the copy of A in the multiplier algebra of the 
crossed product this coaction implements A, and on the copy of G*(G)™p = G*{G) 
it is given by the comultiplication A of G*{G). In addition we have a continuous 
coaction a : G;(G)"p k, A A/(G^(G) ® (G;(G)=°p k^A)) given by 

a{x) ^ W^2i^ (E> x)Wi2. 

Remark that on the copy of A in the multiplier algebra this coaction implements 
a, and on the copy of G*(G)'^°p = G*{G) it implements the adjoint coaction. It is 
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straightforward to check that the crossed product C*(G)^°p Kr A becomes again a 
G-YD-algebra in this way. 

The notion of a Yetter-Drinfeld-C*-algebra is closely related to coactions of the 
Drinfeld double. Let us briefly recall the definition of the Drinfeld double in the 
context of locally compact quantum groups. It is described as a special case of 
the double crossed product construction in 0]. If G is a locally compact quantum 
group, then the reduced G*-algcbra of functions on the Drinfeld double D(G) is 
G^(D(G)) = C'q{G) (g) G;(G) with the comultiplication 

Ad(g) = (id (8)cr® id) (id® ad (ly) ®id)(A® A). 

This yields a locally compact quantum group D(G) which contains both G and G 
as closed quantum subgroups. If G is regular then D(G) is again regular. 

Proposition 3.2. Let G be a locally compact quantum group and let D(G) be its 
Drinfeld double. Then a G -Yetter- Drinfeld C* -algebra is the same thing as a D(G)- 
C* -algebra. 

Proof. Let us first assume that A is a D(G)-G*-algebra with coaction j : A 
M{Cq{D{G)) (E> A). Since G and G are quantum subgroups of D(G) wc obtain 
associated continuous coactions a : A ^ M{Cq{G)^A) and X : A A/(G*(G)(X)A) 
by restriction. These coactions are determined by the conditions 

((5 ® id)7 = (id®a)7, (5 id)7 = (id ® A)7 

where the maps S : G5(D(G)) ^ A/(G5(D(G)) G5(G)) and 6 : C^{D{G)) 
M{C'o{D{G)) ® G;(G)) are given by 

5 = (id(g)cr)ad(H/23)(A (X)id), (5 = id® A. 

We have 

ad(IF23)(id® id®A)(id®a)7 = ad(IV23)(id ® id ®A)((5 ® id)7 
= ad(W"23)('5(8>id®id)((5®id)7 
= ad(W34)(id®cr (g) id id)ad(W23)(A A (g) id)7 
= (id 00- id(X)id)ad(W24M^23)(A A ® id)7 
= (id ®cr (g) id id)ad((id (g)A) (14^)234) (A (g) A ® id)7 
= (idD(G) ®cr (g) id)(idg)A g) id g) id) (id g)cr ® id)ad(W23)(A (g idg)id)7 
= (id g)cr g) id) ((5 (g) id g) id) {S (g id)7 
= (idg)(T g) id)(id(gidg)a)(idg)A)7, 

and since the coaction 7 is continuous this implies 

ad(IFi2)(idg)A)a = (cr g) id)(id (g)a)A. 

It follows that we have obtained a G-YD-algebra structure on A. 

Conversely, assume that A is equipped with a G-YD-algebra structure. We define 

a nondegenerate *-homomorphism 7 : A ^ M(Gq(D(G)) g) A) by 



7 = (id 0A)a 
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and compute 

(id (8)7)7 = (id iX) id ® id A) (id (g)id(g)a) (id (g) A)a 

= (id® id® id (g) A) (id 00- (g) id)ad(VF23)(id «) id (g)A)(id (g)a)Q; 

= (id (gcr ® id(giid)ad(T4^23)(id(8'id(8)id®A)(id(8)id(g)A)(A (g) id)a 

= (id®(T ® id(K)id)ad(M^23)(A (g) A (g) id)(id(gA)a 

= (id(K)(T ® id(giid)ad(T^23)(A ® A (g) id)7 

= (Ad(g) ® id)7- 

It follows that 7 is a continuous coaction which turns A into a D(G')-C*-algebra. 
One checks easily that the two operations above are inverse to each other. □ 
We shall now define the braided tensor product AM B oi a, G-YD-algebra A with a 
G'-C*-algebra B. Observe first that the C*-algcbra B acts on the Hilbert module 
H (g) B by (tt g) id)/3 where tt : Cq{G) — > L(H) denotes the defining representation 
on H = Mg- Similarly, the C*-algcbra A acts on H (g A by (tt (g id)A where 
TT : C*{G) L(]HI) is the defining representation. From this we obtain two *- 
homomorphisms la = >^12 ■ A ^ L(H 1^ A® B) and lb = (3i3 : B ~* L(H ® ^4 g) i?) 
by acting with the identity on the factor B and A, respectively. 

Definition 3.3. Let G be a locally compact quantum group, let A be a G-YD- 
algebra and B a G-G* -algebra. With the notation as above, the braided tensor 
product A B is the G* -subalgebra of L(]HI ® A ® B) generated by all elements 
bA{o)iB{b) for a £ A and h £ B. 

We will also write AM B instead of A Mq B if the quantum group G is clear 
from the context. The braided tensor product A Kl B is in fact equal to the 
closed linear span [iA{A)LB[B)\. This follows from proposition 8.3 in [iS], we 
reproduce the argument for the convenience of the reader. Clearly it suffices 
to prove [la{A)lb{B)] = [lb{B)la{A)\. Using continuity of the coaction A and 
t> = (JJ g) l)Vl^* (J J g) 1) we get 



\{A) = [(L(IHIg)* 
= [(L(Hg)* 



® id g) id) (A (g id)A(A)] 
(gid(gid)(yi2A(A)i3Vi*2) 



where ^{x) ~ { J J g) l)A(a;)(JJ 
continuous coaction we obtain 



= [(L(Hg)* (gid<gid)(M^l*2M(^)l3W^12)] 

1) for x£A. Since P : B ^ M{G'q{G) Cg B) is a 



[A(A)i2/3(i3)i3] = 



L( 



;)* 



id ® id(g id)(W^i*2M(A)l3VFi2/3(B)24)] 

(L(Hg)* (g id (g idg) id)(W'i*2Ai(^)i3W^i2(A ® id)/3(B)i24)] 

(L(Hg)* (g id (g idg) id)(Tyi*2M(^)l3/3(5)24l^l2)] 

(L(Hg)* g) id (g id (g id)((A (g id)/3(B)i24)VFi*2Ai(^)i3W'i2)] 
(L(Hg)* (g id (g ^A®^d){|3{B)2i)W^2^l{A)l3Wl2)\ 

= [/?(B)i3A(A)i2] 

which yields the claim. It follows in particular that we have natural nondegenerate 
*-homomorphisms la - A^ M{AMB) and lb : B ^ M [AMB). 
The braided tensor product AMB becomes a G-C*-algebra in a canonical way. In 
fact, we have a nondegenerate *-homomorphism aMfi : AMB —* A/(Co(G)g)(v4Kli?)) 
given by 

(aH/?)(A(a)i2/3(&)i3) = W^r2('^ ® id)((id <ga)A(a))i23/3(6)24W^i2 
= (id(gA)a(a)i23(id®/3)/?(6)i24, 
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and it is straightforward to check that defines a continuous coaction of Cq (G) 

such that the *-homomorphisms la and lb are G-equi variant. 

If i? is a G-YD-algebra with coaction j : B ^ M(C*{G) ® B) then we obtain a 

nondegenerate *-honiomorphism \ M-f : AM B ^ M{C*{G) ® {AM B)) by the 

formula 

(AK7)(A(a)i2/3(6)i3) - VKi*2A(a)23(a id)((id ®7)/3(6))i24M^i2 
= (id®A)A(a)i23 (id 8/3)7(6)124- 

In the same way as above one finds that A K 7 yields a continuous coaction of 
G*(G) such that la and lb are G-equi variant. From the equivariance of la and 
Lb it follows that AM B together with the coactions aM P and A 7 becomes a 
G-YD-algebra. 

If j4 is a G-YD-algebra and f : B ^ C a, possibly degenerate equivariant *- 
homomorphism of G-G* -algebras, then we obtain an induced *-homomorphism 
Mk(IK (SiA^B) Mk(IK (g) a (g) G) between the relative multipHer algebras. Since 
AMB C M{K ® A® B) is in fact contained in Mk(K ^ A® B), this map restricts 
to an equivariant *-homomorphism idMf : AM B ^ AM C. It follows that the 
braided tensor product defines a functor AM — from G-Alg to G-Alg. Similarly, if 
f : A ^ B is a. homomorphism of G-YD-algebras we obtain for every G-algebra G 
an equivariant ^-homomorphism f M id : AM C B M C and a functor —MC from 
D(G)-Alg to G-Alg. There are analogous functors AM - and - MC from D(G)-Alg 
to D(G)-Alg if we consider G-YD-algcbras in the second variable. 
Assume now that A and B are G-YD-algebras and that G is a G-G*-algebra. 
According to our previous observations we can form the braided tensor products 
{AMB)MC and AM (BMC), respectively. We have 

{AMB)MC= [(id0A^)A^(A)i23(id0/3)A^(B)i247(C^)i5] 

= [W^*2A'^(A)23W^i2(id®/3)A^ (5)124^^1*22121^*2^127(^)15] 

= [W-i*2A^(A)23Sl2(icl®A^)/3(B)i24l^i*2Si27(G)l5Sl2W^12Si2#i2] 
= [W-i*2Si2A^(A)i3(id®A^)/3(S)i24(id®7)7(G)i25Sl2W^12] 

^ [A^(A)i3(/3 M 7)(B M G)i245] = AM (BMC), 

and the resulting isomorphism {AM B) M C ^ AM (BMC) is G-cqui variant. If G is 
a G-YD-algebra then this isomorphism is in addition G-cqui variant. We conclude 
that the braided tensor product is associative in a natural way. 
If i? is a trivial G-algcbra then the braided tensor product AM B is isomorphic to 
A(S^B with the coaction induced from A. Similarly, if the coaction of C*{G) on the 
G-YD-algebra A is trivial then AM B is isomorphic to A ® B. Recall that if G is a 
locally compact group we may view all G-algebras as G-YD-algebras with the trivial 
coaction of the group G*-algebra. In this case the braided tensor product reduces 
to the ordinary tensor product of G-G* -algebras with the diagonal G-action. For 
general quantum groups the braided tensor product should be viewed as a substitute 
for the latter construction. 

Following an idea of Vacs, wc shall now discuss the compatibility of the braided 
tensor product with induction and restriction. Let G be a strongly regular quantum 
group and let _ff C G be a closed quantum subgroup determined by the faithful 
normal ^-homomorphism n : C{H) 'C(G). Keeping our notation from section [2l 
we denote by / the corresponding von-Neumann algebraic imprimitivity bimodule 
for C{Gy°P K L°°{G/H) and C{Hy°P, and by J C / the G*-algebraic imprimitivity 
bimodule for G;(G)=°p G^(G/iJ) and C;{HY°^. 
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Proposition 3.4. Let G he a strongly regular quantum group and let H d G be 
a closed quantum subgroup. If A is an H -YD-algebra then the induced C* -algebra 
ind^(A) is a G-YD-algebra in a natural way. 

Proof. Let a : A ^ M{C^{H) A) be the coaction of C^{H) on A. From the 
construction of ind^(A) in [iS] we have the induced coaction ind(a) : ind^(^) 
M{C'o{G) (g) A) given by ind(a)(a;) = {W^)i2{l O x){Wg)i2 for x S indg(A) C 
L(IHIg <8i A). Our task is to define a continuous coaction of C*{G) on ind^(yl) 
satisfying the YD-condition. 

Denote hy X: A ^ M{C*{H)®A) the coaction which determines the if -YD-algebra 
structure on A. This coaction induces a coaction res(A) : A — > M{C*{G) ® A) 
because C G is a closed quantum subgroup. Since A is an if-YD-algebra we 
have in addition the coaction A of C*{H) on the crossed product C*{HY°'' k,. A, 
and a corresponding coaction res(A) of C*{G). 

We abbreviate B = C*{Hy°'' Kr A and consider the Hilbert S-module £ ^ B with 
the corepresentation X = M^jj (g) id £ M{C'o{H) ® K(f )) = M{C'q{H) (g> B). The 
corresponding induced Hilbert B- module md%{£) is constructed in [JS] such that 

Hg ®ind|(£:) =I®^,T 

where J- ~ Mg(x)£ and the strict *-homomorphism tt; : C{H) L(^) is determined 
by (id(8)7r;)(W^//) = (id «)^) (1^^^)12X13 ■ 

Let us define a coaction on / (XItt; ^ as follows. On / we have the adjoint action 
■q : I ^ C{G) ® I given by 

7y(w) = W^{1 ® w)(7r ® \A){Wh) 

which is compatible with the coaction (tt ® id)A^f : C{H) C{G) J0{H). In 
addition consider the coaction /3jF of C*(G) on .F given by = (cr®id)(id O res(A)). 
By construction, (3jr is compatible with the coaction res(A) on B. Moreover, the 
*-homomorphism ttj : C{H) — > h{!F) is covariant in the sense that 

(id(g)7ri)(-n- (g) id)A_H-(a;) = ad/3^(7r;(2;)) 

in L(Hg <E> T) for all x G C{H). According to proposition 12.13 in [15] we obtain a 
product coaction of C*{G) on / (g)^, !F. 

Under the above isomorphism, this product coaction leaves invariant the natural 
representations of L°°{Gy and C{Gy on the first tensor factor of the left hand 
side. Hence there is an induced coaction 7 : \ndfj{£) — * M{C*{G) ® ind^(f )) on 
ind§(£). Using the identification ind^(f) ~ [(X (JD l)a(A)] we see that 7 is given 
by 

7((w ® l)a(a)) = {r^{v) ® l)(id (g)a) res(A)(a) 

for w e X and a e A. Since K(ind|(£:)) = G;(G)=°p indg(A) we obtain a 
coaction ad-y on G*(G)™p Krind^(A). By construction, the coaction ad^ commutes 
with the dual coaction and is given by A on the copy of C*{GY°^. It follows that 
ad^ induces a continuous coaction 5 : ind^(y4) M{C*{G) ®uid'fj{A)). Explicitly, 
this coaction is given by 



5{x) = (W^a)i2(a®id)(id®res(A))(x)(W^G)i2 
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for X e indg(A) C L(Hg ® A). Writing Wg = W and Wg = W we calculate 
ad(VKi2)(id®(5) ind(a)(.T) 

= W^i2M^2*3S23(id«)id(8)res(A))(H/i*2(l ® a;) 11/12)223^^23^^1*2 

= S23Wl3W'23VF*2(id id res(A))(l ® x)Wi2 1^2*3^*35^23 

= E23W^r2l^23(id®id(X)res(A))(l ® a;)VF2*3W^i2S23 
= 14^1*3^^2*3^23(1(1 id (g) res(A))(l (g)a;)E23W23W^i3 
= (cr (g) id) (id (g)ind(a))(5(a;) 

which shows that ind(a) and 6 combine to turn ind^(j4) into a G-YD-algebra. □ 
Let G be a regular locally compact quantum group and let A be a G-YD-algcbra 
with coactions a and A. As explained above, the crossed product G*(G)™P k,. A 
is again a G-YD-algebra in a natural way. Moreover let B be a G-algebra with 
coaction /3 and observe 

G;(G)=°p tK,{A^GB) = [(G;(G)(g)id(g)id®id)(id(g)A)a(A)i23(id®/3)/3(B)i24] 
9i [A(G;(G))2iTyi2(id®A)a(^)i23l^r2/3(S)24] 
= [A(G; (G))2i (id ®a)A(A)2i3/3(S)24] 
- [A(G;(G)^°p k, A)i2/3(i?)i3] - (G;(G)=°p k,A)^g b. 

Under this isomorphism the dual coaction on the left hand side corresponds to the 
coaction determined by the dual coaction on G*(G)™p k,. A and the trivial coaction 
on B on the right hand side. As a consequence we obtain the following lemma. 

Lemma 3.5. Let G be a regular locally compact quantum group, let A be a G- 
YD-algebra and let B be a G-algebra. Then there is a natural C* {GY°'^ -colinear 
isomorphism 

g;(g)™p k,{amgB) = (g;(g)'=°p a) b. 

After these preparations we shall now describe the compatibility of restriction, 
induction and braided tensor products. 

Theorem 3.6. Let G be a strongly regular quantum group and let H G G be a closed 
quantum subgroup. Moreover let A be an H -YD-algebra and let B be a G-algebra. 
Then there is a natural G-equivariant isomorphism 

indg(A rcsg(S)) ^ ind|(^) B. 

Proof. Note that the case A ~ C with the trivial action is treated in [15]. We 
denote by res(/?) the restriction to Cq{H) of the coaction (i : B ^ M {Cq{G) ® B). 
Moreover let res(A) be the push-forward of the coaction X : A ^ M{C*{H) ® A) to 
G;(G). Then 

[(id®id(g/3)(A(A)i2 res(/3)(B)i3)] - [A(yl)i2(id®id®/3)res(/3)(B)i34] 
= [A(^)i2(id(8)7r)(W^i^)i3/3(S)34(id«)7r)(iyff)i3] 

= [(id(»7r)(VF^)i3((7r ® id® id)(A^^ ® id)A(A))3i2/?(S)34(id®7r)(M/ff)i3] 
^ [((tt ® id ® id)(id ®A)A(A))3i2/3(B)34] 
= [(A ® id® id)(res(A)(yl)2i/?(S)23)], 

and hence 

AKff resg(B) = [res(A)(^)i2/3(B)i3]. 
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Writing Wg = W we conclude 
C;(G)"°P K, indg(^ resg(B)) 

= [(X «) id id id) (id res( A) )a(A) 123 (id rcs(/3) (S) 124 {I* id (g> id (g) id)] 

= [((id ® rcs(A))(Z ® id)a(A)(J* ® id))i23(AG ^ id)/3(B)i24] 

= [VFi*2((W^®id)(id®res(A))((X®id)a(A)(X* 0id))(M^* l))i23/3(B)24M^i2] 

using that [(I id) res{P){B)] ~ [l3{B){2 CE) id)] for the restricted coaction res(/3). 
Moreover 

[W*2i{W ® id)(id® res(A))((X ® id)a(^)(Z* ® id))(iy* ® l))i23/3(S)24W^i2] 
^ [((H^ id)(id ® res(A))((X id)a(A)(J* ® id))(M^* «) I))i23/3(S)24] 
= [,5(C;(G)=°P x.indg(A))2i3/3(S)24] 
= (C;(G)=°P K,indg(A))KGS 

where (5 : G;(G)=°p K,indg(.4) ^ A/(G;(G) (g) (G;(G)"°p tK/md'^{A)) is the natural 
coaction on the crossed product of the G-YD-algebra ind^(^). 
Under these identifications, the dual coaction on G*(G)'^°'' k,. ind^(A rGs^(i?)) 
corresponds on (G*(G)^°p ind^(A)) B to the dual coaction on the crossed 
product and the trivial coaction on B. As a consequence, using lemma 13.51 we 
obtain a G*(G)™P-colinear isomorphism 

G;(G)"p k, indg(A resg(B)) ^ G;(G)™p k, (indg(^) He B). 

Moreover, the element W ® id e M{C'q{G) ® C*{G)^°p indg(A Mh resg(B))) 
is mapped to (g) id S M(G5(G) G,*(G)"p k, (indg(A) B)) under this iso- 
morphism. Due to theorem 6.7 in [15] this shows that there is a G-equivariant 
isomorphism 

indg(A KIh rcsg(B)) 9::^ indg(A) -B 

as desired. □ 
We also need braided tensor products of Hilbcrt modules. Since the constructions 
and arguments are similar to the algebra case treated above our discussion will 
be rather brief. Assume that A is a G-YD-algebra and that i? is a G-algcbra. 
Moreover let £a be a D(G)-Hilbert module and let !Fb be a G-Hilbert module. As 
in the algebra D(G)-Hilbert module £ is the same thing as a Hilbert module 

equipped with continuous coactions ag of Gq(G) and Ag of C*{G) satisfying the 
Yetter-Drinfeld compatibility condition in the sense that 

(cr (g) id)(id®af )A£ = (ad(W^) g) id)(id g)A£)af 

where ad(PF) is the adjoint action. 

The braided tensor product of £ and is defined as 

£MgT^ [A£(^^) 12/3^(^)13] C M^{K ®£®T) 

where Ag denotes the coaction of C*{G) on £ and is the coaction of Cq{G) on 
T. One has [X£{£) 12 (3j^{J-) 13] ~ [l3 { J- )i3X£{£) 12], and £ ^g ^ is closed under 
right multiplication by elements from A B C Mk(IK ® A® B). Moreover the 
restriction to £Mg^ of the scalar product of M^{K®£®!F) takes values in A^qB. 
It follows that £MgT \sa Hilbert-A Kg B-modulc. 

As in the algebra case there is a continuous coaction of Cq{G) on £ KIg ^ given by 

ad{W^2){cr g) id)(idg)a£ g) id). 

Similarly, if i3 is a G-YD-algebra and is a D(G)-Hilbert module we have a contin- 
uous G* (G)-coaction. The braided tensor product becomes a D(G)-Hilbert module 
in this case. 
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There are canonical nondegenerate *-homomorphisms K(f ) — > L(f Kg T) and 
IK(jr) L(£ KIg Combining these homomorphisms yields an identification 
K[£) Kg K(jC-) ]K(f Kg 

We conclude this section with a discussion of stability properties. 

Proposition 3.7. Let G be a regular locally compact quantum group and let A be 
a G-YD-algebra. 

a) For every G-C* -algebra B there is a natural G-equivariant Morita equivalence 

(Kd(g) ® ^) Kg S a Kg B. 

If B is a G-YD-algebra this Morita equivalence is D(G)-equivariant. 

b) For every G-G* -algebra B there is a natural G-equivariant Morita equivalence 

A Kg (Kg®S) AKgS. 

If B is a G-YD-algebra there is a natural D{G)-equivariant Morita equivalence 

A Kg (Kd(g) ® B) A Kg B. 

Proof. We consider the coaction of D(G) on IHId(g) coming from the regular repre- 
sentation. From [4] we know that the corresponding coreprcscntation of Cq(G) on 
IHId(g) = Mg ® Hg is Wi2 E M{Cq{G) ® 1Kq(g))- The corresponding corepresenta- 
tion of G*{G) on Hd(g) is given by ^33^^13^23 where Z = W{J (g) J)W{J (g) J). 
To prove a) we observe that implements a G-equivariant isomorphism 

(Hd(G) ®A)^gB= [Z*3iyi*3Z23(Tl2(id®A)(HD(G) ® ^)l23/3(S)i4] 

= IHId(g) ® [A(A)i2/3(S)i3] = Hd(g) ® B) 
of Hilbert modules. This yields 

(Kd(g) ® A) Kg S = K((Hd(g) ® A) Kg S) 

^ K(Hd(g) <E) (A Kg B)) K(A Kg S) = A Kg B 

in a way compatible with the coaction of Gq{G). If S is a G-YD-algcbra the above 
isomorphisms and the Morita equivalence are D(G)-equivariant. The assertions in 
b) are proved in a similar fashion. □ 

4. The equivariant Kasparov category 

In this section we first review the definition of equivariant Kasparov theory given 
by Baaj and Skandalis [T] . Then we explain how to extend several standard results 
from the case of locally compact groups to the setting of regular locally compact 
quantum groups. In particular, we adapt the Cuntz picture of i^'ivT-theory [TH] to 
show that equivariant KK-c\a.sses can be described by homotopy classes of equi- 
variant homomorphisms. As a consequence, we obtain the universal property of 
equivariant Kasparov theory. We describe its structure as a triangulated category 
and discuss the restriction and induction functors. Finally, based on the construc- 
tion of the braided tensor product in the previous section we construct exterior 
products in equivariant KK-theoiy. 

Let us recall the definition of equivariant Kasparov theory [1]. For simplicity we 
will assume that all G*-algebras arc separable. Let 5 be a Hopf-G*-algcbra and 
let A and B be graded S'-G*-algebras. An 5-equivariant Kasparov A-B-module is 
a countably generated graded S'-equivariant Hilbert _B-modulc £ together with an 
S'-colincar graded *-homomorphism <j> : A h{£) and an odd operator F S L(f^) 
such that 

[i^,0(a)], {F^-ima), {F-F*)Ha) 



18 



RYSZARD NEST AND CHRISTIAN VOIGT 



are contained in IK(£) for all a G A and F is almost invariant in the sense that 

(id ®0)(a;)(l (g) F - adA(F)) C 5 ® K{£) 

for all xeS^A. Here S ® K{£) = K{S (g) is viewed as a subset of L(5 ® £) and 
ad A is the adjoint coaction associated to the given coaction X : £ ^ M{S®£) on £. 
Two S'-equivariant Kasparov A-B-modules {£o, (po, Fq) and {£i, 4>i, Fi) are called 
unitarly equivalent if there is an iS-colinear unitary U £ h{£Q,£i) of degree zero 
such that Ucjjoia) ~ 4'i{a)U for all a e A and FiU ~ UFq. We write {£o,(j)o, Fq) = 
{£i,(f>i, Fi) in this case. Let Es{A,B) be the set of unitary equivalence classes of 
S'-equivariant Kasparov A-B-modulcs. This set is functorial for graded S'-colinear 
*-homomorphisms in both variables. If / : _Bi ^ £2 is a graded S'-colinear *- 
homomorphism and {£, (f>, F) is an S'-equivariant Kasparov ^-i?i-modulc, then 

f4£,4>,F) = (£®/B2>(gid,F®l) 

is the corresponding Kasparov A-_B2-niodule. A homotopy between S'-equivariant 
Kasparov ^-B-niodules {£0, 4>0t Fo) and {£i,(j)i,Fi) is an S-equivariant Kasparov 
A-B[0, l]-module {£, 0, F) such that (evt),(f , cp, F) ^ {£t,(f>t,Ft) for i 0, 1. Here 
B[0, 1] = B (g) C[0, 1] where C[0, 1] is equipped with the trivial action and grading 
and evt : B[0,1] B is evaluation at t. 

Definition 4.1. Let S be a Hopf-C* -algebra and let A and B be graded S-C*- 
algebras. The S-equivariant Kasparov group KK^{A,B) is the set of homotopy 
classes of S-equivariant Kasparov A-B-modules. 

In the definition of KK^ {A, B) one can restrict to Kasparov triples {£,(p,F) 
which are essential in the sense that = £, compare [53]. We note that 

KK^ {A, B) becomes an abelian group with addition given by the direct sum of 
Kasparov modules. Many properties of ordinary KK-theory carry over to the S- 
equivariant situation, in particular the construction of the Kasparov composition 
product and Bott periodicity [T]. As usual we write KKq{A, B) = KK^{A, B) and 
let KKf{A,B) be the odd KK- group obtained by suspension in either variable. 
In the case S = Co{G) for a locally compact group G one rcobtains the definition 
of G-equivariant if -theory [5S] . 

Our first aim is to establish the Cuntz picture of equivariant KK-theory in the 
setting of regular locally compact quantum groups. This can be done parallel to 
the account in the group case given by Meyer [33]. For convenience we restrict 
ourselves to trivially graded C*-algebras and present a short argument using Baaj- 
Skandalis duality. 

Let S' be a Hopf-C*-algebra and let Ai and A2 be S'-C*-algebras. Consider the 
free product Ai * A2 together with the canonical *-homoniorphisms Lj : Aj — > 
Ai * A2 for j ~ 1, 2. We compose the coaction aj : Aj — > Ms{S ® Aj) with the *- 
homomorphism Ms{S ® Aj) Ms(S (g) {Ai * A2)) induced by tj and combine 
these maps to obtain a ^-homomorphism a : Ai * A2 — > Ms{S {Ai * ^2))- 
This map satisfies all properties of a continuous coaction in the sense of definition 
12.31 except that it is not obvious wether a is always injective. If necessary, this 
technicality can be overcome by passing to a quotient of Ai * ^2 • More precisely, 
on Ai *^ A2 = {Ai * A2)/kei{a) the map a induces the structure of an S-C*- 
algebra, and we have canonical S'-colinear *-homomorphisms Aj A\ *^ A2 for 
j = 1,2 again denoted by Lj. The resulting S'-C*-algebra is universal for pairs of 
S'-colinear *-homomorphisms fi : Ai ^ C and 72:^2^^ into S-C*-algebras 
C . That is, for any such pair of *-homomorphisms there exists a unique S'-colinear 
^-homomorphism f : Ai *^ A2 ^ C such that fuj — fj for j = 1,2. By abuse of 
notation, we will still write Ai * A2 instead of Ai *^ A2 in the sequel. We point 
out that in the arguments below we could equally well work with the ordinary free 



POINCARE DUALITY 



19 



product together with its possibly noninjective coaction. 

Let A be an S'-C*-algebra and consider QA = A * A. The algebra K (E) QA is 
5'-colinearly homotopy equivalent to K (g) (A © A) where K denotes the algebra of 
compact operators on a separable Hilbert space H. Moreover there is an extension 

^ qA ^ QA A ^ 

of S'-C*-algebras with S'-colinear splitting, here tt is the homomorphism associated 
to the pair /i = /2 = idyi and qA its kernel. 

We shall now restrict attention from general Hopf-C*-algebras to regular locally 
compact quantum groups and state the Baaj-Skandalis duality theorem [I], 

Theorem 4.2. Let G be a regular locally compact quantum group and let S = Cq{G) 
and S = C*{GY°^ . For all S-C* -algebras A and B there is a canonical isomorphism 

JS ■■ KK'^{A,B) KK^{S Kr AS* KrS) 

which is multiplicative with respect to the composition product. 

For our purposes it is important that under this isomorphism the class of an 
S-equivariant Kasparov A-B-module (f , 0, F) is mapped to the class of an 5*- 
equivariant Kasparov module {Js{£), Js {<!>), Js{F)) with an operator Js{F) which 
is exactly invariant under the coaction of S. 

Let G be a regular locally compact quantum group and let £ and be G- Hilbert B- 
modules which are isomorphic as Hilbert B-modules. Then we have a G-equivariant 
isomorphism 

of G-Hilbert i?-modules where Hg is viewed as a G-Hilbert space using the left 
regular corepresentation, see [5T]. Using the Kasparov stabilization theorem we 
deduce that there is a G-equivariant Hilbert _B-modulc isomorphism 

(Mg ® f ) © (Hg «> H (g) B) ^ Hg H (g) B 

for every countably generated G-Hilbert i?-module £. This result will be referred 
to as the equivariant stabilization theorem. 

In the sequel we will frequently write KK^ instead of KK^ for S = Go(G) and 
call the defining cycles of this group G-cquivariant Kasparov modules. It follows 
from Baaj-Skandalis duality that KK^{A, B) can be represented by homotopy 
classes of G-equivariant Kasparov (Kg © A)-(Kg © i3)-modules {£, (f>, F) with G- 
invariant operator F. Taking Kasparov product with the Kg © B-B imprimitivity 
bimodule (Hg © B, id, 0) we see that KK^{A, B) can be represented by homotopy 
classes of equivariant Kasparov (Kg © A)-B modules of the form (Hg © £, 4>, F) 
with invariant F. Using the equivariant stabilization theorem we can furthermore 
assume that (Hg © £)± = Hg © H © i? is the standard G-Hilbert S-module. 
From this point on we follow the arguments in [S^. Writing SJg for the set 
of equivariant homotopy classes of G-equivariant *-homomorphisms between G- 
G*-algcbras A and B, we arrive at the following description of the equivariant 
/fX-groups. 

Theorem 4.3. Let G be a regular locally compact quantum group. Then there is a 
natural isomorphism 

KK^{A,B) ^ [g(KG©^),KG©K©B]G 

for all separable G-C* -algebras A and B. We also have a natural isomophism 

KK^{A, S) = [Kg © K © ^(Kg © K © A), Kg © K © ^(Kg © K © B)]g 

under which the Kasparov product corresponds to the composition of homomor- 
phisms. 
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Consider the category G-Alg of separable G-C*-algebras for a regular quantum 
group G. A functor F from G-Alg to an additive category C is called a liomotopy 
functor if -F'(/o) = F{fi) whenever /o and /i are G-equivariantly homotopic *- 
homomorphisms. It is called stable if for all pairs of separable G-Hilbert spaces 
Hi, 7^2 the maps F{K{nj) ® A) ^ F{K{Hi © H2) ® A) induced by the canonical 
inclusions Tij —> TLi © 7^2 for j = 1,2 are isomorphisms. As in the group case, 
a homotopy functor F is stable iff there exists a natural isomorphism F{A) = 
F(Kc (^K(E) A) for all A. Finally, F is called split exact if for every extension 

^ K ^ E ^ Q ^ 

of G-G*-algcbras that splits by an cquivariant *-homomorphism a : Q ^ E the 
induced sequence — > F{K) F{E) — *■ F{Q) — > in C is split exact. 
Equivariant KK-theoiy can be viewed as an additive category KK'^ with separable 
G-G*-algebras as objects and KK'^{A,B) as the set of morphisms between two 
objects A and B. Composition of morphisms is given by the Kasparov product. 
There is a canonical functor t : G-Alg — > KK^ which is the identity on objects 
and sends equivariant *-homomorphisms to the corresponding A'^fsT-clements. This 
functor is a split exact stable homotopy functor. 

As a consequence of theorem 14.31 we obtain the following universal property of 
KK'^ , see again [52 • We remark that a related assertion is stated in however, 
some of the arguments in [43j are incorrect. 

Theorem 4.4. Let G he a regular locally compact quantum group. The functor 
L : G-Alg KK^ is the universal split exact stable homotopy functor on the 
category G-Alg. More precisely, if F : G-Alg C is any split exact stable homotopy 
functor with values in an additive category C then there exists a unique functor 
f : KK^ C such that F = fu. 

Let us explain how KK'^ becomes a triangulated category. We follow the dis- 
cussion in [33] , for the definition of a triangulated category see [35] ■ Let Y.A denote 
the suspension Go(IR) (8) A of a G-G*-algebra A. Here Go(M) is equipped with the 
trivial coaction. The corresponding functor S : KK'^ KK'^ determines the 
translation automorphism. If / : A ^ i? is a G-equivariant *-homomorphism then 
the mapping cone 

Cf = {(a, 6) e A X Go((0, l],B)\h(l) = /(a)} 
is a G-G* -algebra in a natural way, and there is a canonical diagram 

T.B ^G/ ^A^-^B 

of G-equivariant *-homomorphisms. Diagrams of this form are called mapping cone 
triangles. By definition, an exact triangle is a diagram IIQ^ K ^ E ^Qin KK^ 
which is isomorphic to a mapping cone triangle. 

The proof of the following proposition is carried out in the same way as for locally 
compact groups [34] . 

Proposition 4.5. Let G be a regular locally compact quantum group. Then the 
category KK^ together with the translation functor and the exact triangles described 
above is triangulated. 

Several results about the equivariant KK-groups for ordinary groups extend in 
a straightforward way to the setting of quantum groups. As an example, let us 
state the Green- Julg theorem for compact quantum groups and its dual version 
for discrete quantum groups. If G is a locally compact quantum group and A is a 
G*-algebra we write resQ{A) for the G-G*-algebra A with the trivial coaction. A 
detailed proof of the following result is contained in [5T] . 
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Theorem 4.6. Let G be a compact quantum group. Then there is a natural iso- 
morphism 

KK^{res^{A),B) ^ K K {A, C* {0^°" x B) 
for all C* -algebras A and all G-C* -algebras B. 

Dually, let G be a discrete quantum group. Then there is a natural isomorphism 

KK^{A,i-cs^{Bj) = KK{C;{Gf°^ A,B) 

for all G-C* -algebras A and all G* -algebras B. 

Let G be a strongly regular quantum group and let iJ C G be a regular closed 
quantum subgroup. It is easy to check that restriction from G to H induces a 
triangulated functor res^ : KK^ —> KK^ . This functor associates to a G-C*- 
algebra A the iJ-G*-algebra res^(yl) = A obtained by restricting the action. Simi- 
larly, using the universal property of theorem 14.41 we obtain a triangulated functor 
ind^ : KK^ KK'^ which maps an i/-G*-algebra A to the induced G-G*-algebra 
ind^(A). Note that the compatibility of induction with stabilizations follows from 
Vaes' imprimitivity theorem stated above as theorem 12.61 

A closed quantum subgroup H C G is called cocompact if the C*-algebraic quan- 
tum homogeneous space Cq{G/H) is a unital G*-algebra. In this case we write 
G'{G/H) instead of Gq{G/H). Recall that a locally compact quantum group G is 
coamenable if the natural map Gj(G) — *■ Go(G) is an isomorphism. Strong regular- 
ity is equivalent to regularity in this case. 

Proposition 4.7. Let H <Z G be a cocompact regular quantum subgroup of a 
strongly regular quantum group G. If G is coamenable there is a natural isomor- 
phism 

KK"[T:es%[A),B) = KK^ {A,inA%[B)) 
for all G-G* -algebras A and all H-C* -algebras B. 

Proof. We describe the unit 1] and the counit k of this adjunction. For a G-C*- 
algebra A let rjA : A ^ ind§resg(A) = C'{G/H) A be the G-equivariant 
*-homomorphism obtained from the embedding of A in the braided tensor product. 
Here we use theoreni l3.6l and the assumption that H C G is cocompact. In order to 
define the counit n recall that the induced G*-algebra ind^(i?) of an iJ-G*-algebra 
B is contained in the GQ(G)-relative multiplier algebra of Go(G) (8) B. We obtain 
an iJ-equivariant *-homomorphism k b '■ res^ ind^ (B) — > B as the restriction of 
e id : M(Gi(G) B) M{B) where e : C'q{G) ^ C is the counit. Here we use 
coamenability of G. 

Let A be a G-G*-algebra with coaction a and let res(a) : A — > M{Gq{H) A) be 
the restriction of a to H. Using the relation [{T (E) l)res(a)(A)] = [a{A){T dg) 1)] 
established in [IS] we see that Krcs(A) is given by eKid : C'{G/H)^gA C^g^ = 
A. Note that, although not being G-equivariant, the map e is G* (G)-coliiiear and 
hence induces a *-homomorphism between the braided tensor products as desired. 
It follows that the composition 

i-cs%{A) ^ resg md^ resg(A) ^ res^(A) 

is the identity in KK" {tcs'^{A),tcs'§{A)) for every G-G*-algebra A. 

Identifying the isomorphism ind§ res^ ind^(i?) = C'{G/H) ind^(i3) and using 

the counit identity (id0e)A = id for Gq{G) we see that 

indg(B) ^ indgresgindg(B) ^ ind|(B) 

is the identity in KK^{ind^{B),ind^{B)) for every G-G*-algebra B. This yields 
the assertion. □ 
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Based on the braided tensor product we introduce exterior products in equivariant 
Kasparov theory. 

Proposition 4.8. Let G be a regular locally compact quantum group, let A and 
B be G-C* -algebras and let D be a G-YD-algebra. Then there exists a natural 
homomorphism 

Xd ■■ KK^{A, B) KK^{D Kg A, D B) 
defining a triangulated functor \d : KK^ — > KK^. 

If A and B are G-YD-algehras then there is an analogous homomorphism 

Xd ■■ KK°^^^ {A,B)^KK°''^\DMgA,DMgB) 
defining a triangulated functor Xd '■ KK^^'^^ KK^^^\ 

Proof. We shall only discuss the first assertion, the case of G-YD-algebras is treated 
analogously. Taking the braided tensor product with D defines a split exact ho- 
motopy functor from G-Alg to KK'^. According to proposition 13.71 this functor 
is stable. Hence the existence of A^i is a consequence of the universal property 
of KK'^ established in theorem 14.41 and the resulting functor is easily seen to be 
triangulated. □ 
The same arguments yield the following right-handed version of proposition l4.8l 

Proposition 4.9. Let G be a regular locally compact quantum group, let G and 
D be G-YD-algebras and let B be a G-C* -algebra. Then there exists a natural 
homomorphism 

PB ■■ KK°^^\C,D) KK^{GMgB,DMgB) 
defining a triangulated functor 

If B is a G-YD-algebra we obtain a natural homomorphism 

PB : KK^'^°\G, D) KK°^^\G Kg B, D Kg B) 

defining a triangulated functor pB ' KK^^'^^ — > KK^^'^\ 

By construction, the class of a G-equivariant ^-homomorphism f : A —^ B is 
mapped to the class of / Kl id under Ad : KK'~^ KK'^ , and similar remarks 
apply to the other functors obtained above. 

Of course one can also give direct definitions on the level of Kasparov modules 
for the constructions in propositions 14.81 and 14.91 For instance, let {£,(/>, F) be a 
G-equivariant Kasparov ^-i?-module. Then D Mg £ is a D Mg i?-Hilbert module, 
and the map : yl — > L(5) = M(]K(f )) induces a G-equivariant ^-homomorphism 
id^G^i : D^G A ^ M{DMg K{£)) ^ L{D Mg £)■ Morever, we obtain icl^GF e 
L(D Kg £) by applying the canonical map L(f ) — ^ L(Z3 Kg £)■ It is readily checked 
that this yields a G-equivariant Kasparov module. The construction is compatible 
with homotopies and induces : KK^{A, B) KK^{D Kg A, D^gB). 
Let Ai,Bi and D be G-YD algebras and let ^2,^2 be G-G*-algebras. We define 
the exterior Kasparov product 

KK°''^^Ai,Bi Kg D) x KK'^{DMg ^2,-82) ^ KK'^{Ai Kg ^2,-81 Kg B2) 

as the map which sends {x,y) to pA^ix) o Abj(j/). Here o denotes the Kasparov 
composition product, and we use {Bi Kg D) Kg A2 = Bi Kg [D Kg A2). 
If A2 , B2 are G-YD-algebras we obtain an exterior product 

KK°^^\Ai,Bi Kg D) x KK°'^^\d Kg ^2, ^2) ^ KK^'^^^Ai Kg ^2, Si Kg B2) 
in the same way. 

We summarize the main properties of the above exterior Kasparov products in 
analogy with the ordinary exterior Kasparov product, see [7]. 
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Theorem 4.10. Let G be a regular locally compact quantum group. Moreover let 
Ai,Bi and D be G-YD algebras and let ^2,^2 be G-C* -algebras. The exterior 
Kasparov product 

KK°'^^\Ai,Bi Kg D) x KK°(D Mg A2, B2) ^ KK°{Ai Kg ^2, Bi Mg B2) 

is associative and functorial in all possible senses. An analogous statement holds 
for the product 

KK°'^^\Ai,Bi MgD) X KK°^'^\DMgA2,B2) KK°^^\Ai Hg ^2,^1 Hg B2) 

provided A2,B2 are G-^D- algebras. 

Recall that every G-C*-algebra for a locally compact group G can be viewed as 
a G-YD-algebra with the trivial coaction of G*{G). In this case our constructions 
reduce to the classical exterior product in equivariant KK-theory. Still, even for 
classical groups the products defined above arc more general since we may consider 
G-YD-algebras that are equipped with a nontrivial coaction of the group G*-algcbra. 

5. The quantum group SUq{2) 

In this section we recall some definitions and constructions related to the compact 
quantum group SUq(2). For more information on the algebraic aspects of compact 
quantum groups we refer to |26| . 

Let us fix a number q S (0, 1] and describe the G*-algebra of continuous functions 
on SUq{2). Since SUq{2) is coamenable [55], [5] there is no need to distinguish 
between the full and reduced G*-algebras. By definition, C{SUq(2)) is the universal 
G*-algebra generated by two elements a and 7 satisfying the relations 

a'-f = qja, a'f* — qj*a., 77* = 7*7, a*a + 7*7 = 1, aa* + (7^77* = 1. 

The comultiplication A : CiSUq{2)) GiSUq{2)) ® G{SUq(2)) is given on the 
generators by 

A{a) = a ® a — 97* (g) 7, ^(7) = 7 a + a* Cg) 7. 

From a conceptual point of view, it is useful to interpret these formulas in terms of 
the fundamental matrix 

—97* 
,7 a* 

In fact, the defining relations for G{SUq{2)) are equivalent to saying that the fun- 
damental matrix is unitary, and the comultiplication of G{SUq{2)) can be written 
in a concise way as 

7 a J \j a J \^7 a 

We will also work with the dense *-subalgebra C[S't/q(2)] C G{SUq{2)) generated 
by a and 7. Together with the counit e : C[S'?7q(2)] — > C and the antipode S : 
C[SUqi2)] C[SUq{2)] determined by 

a ^qr\_fl 0\ g(a -qr\_fa* 7* 



7 ct* J V'-' 1/ ' \7 ^* J \~U 

the algebra 'C\SVq{2)\ becomes a IIopf-*-algebra. We use the Sweedler notation 
A(a;) = X(\-) ® X(2) for the comultiplication and write 

f ^ X^ X(i)f{x(2)), X ^ f ^ f{x{l))X(^2) 

for elements x G C[S'C/q(2)] and linear functionals / : 'C[SUq{2)] C. 

The antipode is an algebra antihomomorphism satisfying S{S{x*)*) = x for all 
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X e C[SUq{2)], in particular the map S is invertible. The inverse of S can be 
written as 

S-\x) =6-^ S{x) ^ S-^ 
where 6 : C[SUq{2)] ^ C is the modular character determined by 

7 a* y \0 q 

Apart from its role in connection with the antipode, the character S describes the 
modular properties of the Haar state (j) of C{SUq{2)) in the sense that 

(j){xy) = (j){y{S X 6)) 

for all x,y G C[SUq{2)]. The Hilbert space MsUg{2) associated to SUq{2) is the 
GNS-construction of and will be denoted by L'^{SUq{2)) in the sequel. 
The irreducible corepresentations Vi of C{SUq{2)) are parametrized by I G ^N, and 
the dimension of Vi is 2^ + 1 as for the classical group SU{2). According to the 
Peter- Weyl theorem, the Hilbert space L'^(SUq(2)) has an orthonormal basis efj 
with I S |N and i,j G {— /, + corresponding to the decomposition of the 

regular corepresentation. In this picture, the GNS-representation of C{SUq{2)) is 
given by 

where the explicit form of a± and c± for q G (0, 1) is 

f-i _ 2;-2j+2\l/2/-| _ 2;-2i+2\l/2 
.l_^2/+2j)l/2n _^2i+2,)l/2 



2 



and 



(l"g4i)l/2(l _g4J+2)l/: 



n _ „2/-2j+2\l/2,'-| _ 2/+2i+2\l/2 
+ '-^^ ^ (l_^4;+2)l/2(l_q4/+4)l/2 



-il,hj) = q' 



(l-g2;+2j-)l/2(^_g2;-2»)l/2 
(l-g4i)l/2(l_^4/+2)l/2 ■ 



In the above formulas the vectors e,-'-* are declared to be zero if one of the indices 
«, J is not contained in {—I, — / + 1, . . . , ^}. 

We will frequently use the fact that the classical torus T = 5'"'^ is a closed quan- 
tum subgroup of SUq{2). The inclusion T C SUq{2) is determined by the *- 
homomorphism tt : C[SUq{2)] C[r] = C[z, z~^] given by 

a — ?7*\ _ f z 

By definition, the standard Podles sphere C{SUq{2)/T) is the corresponding ho- 
mogeneous space. In the algebraic setting, the Podles sphere is described by the 
dense *-subalgebra C[5'C/g(2)/r] C C{SUq{2)/T) of coinvariants in C[SUq{2)] with 
respect to the right coaction (id(237r)A of C[r]. 

If y is a finite dimensional left C[T]-comodule, or equivalently a finite dimensional 
representation of T, then the cotensor product 

T{SUq{2) XT V) = C[SUq[2)]nc[T]V C €[SUq{2)] ® V 
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is a noncommutative analogue of the space of sections of the homogeneous vector 
bundle SU{2) Xt V over SU{2)/T. Clearly T{SUq[2) Xt V) is a C[SUq{2)/T]- 
bimodule in a natural way. In accordance with the Serre-Swan theorem, the space of 
sections T{SUq{2) XtV) is finitely generated and projective both as a left and right 
C[S[/5(2)/T]-module. This follows from the fact that C[SUq{2)/T] c C[SUq{2)] is 
a faithfully flat Hopf-Galois extension, see [35], |1S]. If = is the irreducible 
representation of T of weight k e Z we write L'^{SUq{2) Xt Ck) for the SUq{2)- 
Hilbert space obtained by taking the closure oiT{SUq{2) XxCk) inside L'^{SUq{2)). 
We also note the Frobenius reciprocity isomorphism 

RomT{rc4'''^^\v),Ck)=iiomsu,i2){V,L''{SUq{2) XtC,)) 

for all finite dimensional corepresentations V of C{SUq{2)). 

6. Equivariant Poincare duality for the Podles sphere 

Poincare duality in Kasparov theory plays an important role in noncommutative 
geometry, for instance in connection with the Dirac-dual Dirac method for proving 
the Novikov conjecture [5^1 . In this section wc extend this concept to the setting of 
quantum group actions and show that the standard Podles sphere is equivariantly 
Poincare dual to itself. 

Let us begin with the following terminology, generalizing the definition given by 
Connes in [TT]. Recall that we write D(G) for the Drinfeld double of a locally 
compact quantum group G. 

Definition 6.1. Let G be a regular locally compact quantum group. Two G-YD- 
algebras P and Q are called G- equivariantly Poincare dual to each other if there 
exists a natural isomorphism 

KK°^^\P a, B) = KK°'^^\a, Q Mg B) 

for all G-YD-algebras A and B. 

Using the notation introduced in proposition l4.8l we may rephrase this by saying 
that the G-YD-algebras P and Q are G-equivariantly Poincare dual to each other iff 
Xp and Aq are adjoint functors. In particular, the unit and counit of the adjunction 
determine elements 

a e KK°'^^\P^G QX), f3G KK°^^\c,Q^gP) 

if P and Q are Poincare dual. In this case one also has a duality on the level of 
G-equivariant Kasparov theory in the sense that there is a natural isomorphism 

KK^iP Mg a, B) = KK^{A, Q Mg B) 

for aU G-G*-algebras A and B. 

In the sequel we restrict attention to Gq = SUq{2). Our aim is to show that the 
standard Podles sphere is 5'?75(2)-equivariantly Poincare dual to itself in the sense 
of definition 16.11 As a first ingredient we need the if-homology class of the Dirac 
operator on Gq/T for q G (0, 1). We review briefly the construction in [15], however, 
instead of working with the action of the quantized universal enveloping algebra we 
consider the corresponding coaction of G{Gq). Using the notation from section O 
the underlying graded Gg-Hilbert space H = H+®H- of the spectral triple is given 

by 

n±^L\Gq xtC±i) 

with its natural coaction of C{Gq). The covariant representation (f> = © 0_ of 
the C{Gq/T) is given by left multiplication. Finally, the Dirac operator D on H is 
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the odd operator 

■ D- 



D = 
where 



D+ 



F = 



D^\l,m)± = [1 + 1/2]^ \l,m)^ 
and |?,to)± arc the standard basis vectors in V; C 'H± and 

for a nonzero number a G C. Note that and H_ are isomorphic corcpresenta- 
tions of C{Gq) according to Frobenius reciprocity. It follows that the phase F oi D 
can be written as 

^0 f 

and the triple (7Y, 0, _F) is a Gq-equivariant Fredholm module. In this way D de- 
termines an element in KK^ {C{Gq/T),C). 

According to proposition [S3] the C*-algebra C{Gq/T) = indy'(C) is a Gq-YD- 
algebra. For our purposes the following fact is important. 

Proposition 6.2. The Dirac operator on the standard Podles sphere defines an 
element in KK°(^->\C{Gq/T) Hg, C{Gq/T)X) in a natural way. 

Proof. With the notation as above, we consider the operator F on the Hilbert space 
n = H+®n-. Using ind^' res^' (G(Gg/T)) ^ C{Gq/T) Kg, C{Gq/T) we obtain 
a graded G^-equivariant *-homomorphism ip : C{Gq/T) KIg, G[Gq/T) — > L(H) by 
applying the induction functor to the counit e : G{Gq/T) C and composing the 
resulting map with the natural representation of C{Gq/T) on 7i. On both copies 
of C'(Gq/T) the map ip is given by the homomorphism from above. In particular, 
the commutators of F with elements from C{Gq/T) KIg C{Gq/T) are compact. 
The coaction X : H ^ M(G*{Gq) W) which turns U into a D(Gg)-Hilbert space 
is obtained from the action of C[Gg] on T[Gq C±) given by 

f-h = fa)hs^s{f^2)) 

where S is the modular character. The homomorphism tp is G*(Gg)-colinear with 
respect to this coaction, and in order to show 

(C*(G,) ® 1)(1 ® F - adA(F)) c C*iGq) ® K{n) 

it suffices to check that F commutes with the above action of C[Gq] up to compact 
operators. This in turn is a lengthy but straightforward calculation based on the 
explicit formulas for the GNS-representation of C{Gq) in section[5l It follows that 
{HjipjF) is a D(Gg)-equivariant Kasparov module as desired. □ 
Note that in the construction of the Dirac cycle in proposition 16 .21 we use two iden- 
tical representations of C{Gq/T) as in the case of a classical spin manifold. The 
difference to the classical situation lies in the replacement of the ordinary tensor 
product with the braided tensor product. 

Let us formally write £k ~ GqXj-Ck for the induced vector bundle associated to the 
representation of weight k, and denote by C{£k) the closure oiT{£k) inside C{Gq). 
The space C{£k) is a G^-equivariant Hilbert G(Gq /r)-module with the coaction in- 
duced by comultiplication, and the coaction A : C{£k) ^ M{C*{Gq)®C{£k)) given 
by -^(./) = W*{1® f)W turns it into a D(G(y)-equivariant Hilbert module. Left mul- 
tiplication yields a D(Gg)-equivariant ^-homomorphism /i : C{Gq/T) — > K(G(£'fc)). 

Hence {G{£k),f^,0) defines a class [[£k]] in KK°^'^''\c{Gq/T),C{Gq/T)). 

Next observe that the unit homomorphism u : <C C{Gq/T) induces an element 
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[u] G KK°'-'^'\c,CiGq/T)). We obtain a class [^fc] in KK°^^''\c,C{Gg/T)) by 
restricting [[£k]] along u, or equivalently, by taking the product 

[£k] = [u]o[[Ek]]. 

Under the forgetful map from KK^^'^''^ to KK'^'', this class is mapped to the K- 
thcory class in KK'~^'>{C, C{Gq/T)) corresponding to Cfc in R{T) under Frobenius 
reciprocity. 

In addition we define elements [D ® £k] e KK^" {C{Gq/T), C) by 

[D <E> £k] = [[£k]] o [D] 

G 

where [D] S KKq '' {C{Gq/T),C) is the class of the Dirac operator. We remark 
that these elements correspond to twisted Dirac operators on Gq/T as studied by 
Sitarz in gZj. 

Let us determine the equivariant indices of these twisted Dirac operators. 

Proposition 6.3. Consider the classes [£k] e KK^i{C,C{Gq/T)) and [D Si] e 
KK'~^''{C{Gq/T),C) introduced above. The Kasparov product [£k] o [D (E) £i] in 
KKq" {C,C) = R{Gq) IS given by 

(-[Vik+i~i)/2] fork + l>0 
[£k] o[D(E)£i]^ lo for k + 1 = 

[[V-ik+i+i)/2] fork + l<0 

for k,l eZ. 

Proof. This is analogous to calculating the index of a homogenous differential op- 
erator Since we have [[£m]] ° [[£n]] — [[£m+n]] for all m,n E Z it suffices to 
consider the case fc = 0. The product [£o] o [D (g) £i] is given by the equivariant 
index of the Gg-equivariant Fredholm operator representing [D(E)£i]. This operator 
can be viewed as an odd operator on L'^{£i+i) L^(iS/_i). By equivariance, the 
claim follows from Frobenius reciprocity; we only have to subtract the classes of 
L'^{£i+i) and L^{£i-i) in the formal representation ring of Gq. □ 
We note that for the above computation there is no need to pass to cyclic cohomol- 
ogy or twisted cyclic cohomology. 

In order to proceed we need a generalization of the Drinfeld double. The rel- 
ative Drinfeld double D(T, Gq) is defined as the double crossed product [1] of 
C{T) and C*{Gq) using the matching m{x) = ZxZ* where Z = (tt ® id) (WgJ 
and TT : C{Gq) ^ C{T) is the quotient map. That is, we have Co(D(T, G,)) = 
C{T) ® C*{Gq) with the comultiphcation 

Ap(j, = (id ®a ® id) (id ®m ® id) (A (g) A) . 

The relative Drinfeld double D(T, Gq) is a cocompact closed quantum subgroup 
of D(Gg), and the quantum homogeneous space C' {D{Gq) /D{T, Gq)) is isomorphic 
to C{Gq/T). Under this identification, the natural D(Gq)-algebra structure on the 
homogeneous space corresponds to the YD-algebra structure on the induced algebra 
G{Gq/T) = indy''(C) obtained from proposition [231 

Every continuous coaction of G(T) on a C*-algebra B restricts to a continuous 
coaction of GQ(Dq) = Gg(D(r, Gq)) in a natural way, and we write reSo^(B) for the 
resulting D(T, Gg)-G*-algebra. Indeed, since G{T) is commutative, the canonical *- 
homomorphism G{T) — > Af (Gg(D(T, Gq)) is compatible with the comultiplications. 
The following result is a variant of the dual Green- Julg theorem, see theorem 14.61 
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Lemma 6.4. Let Dq ~ D{T,Gq) he the relative Drinfeld double ofGq. Then there 
is a natural isomorphism 

KK°''{A,TcsE^iB)) = KK'^{C{Gqy°'' k A,B) 

for all Dq-C* -algebras A and all T-C* -algebras B. 

Proof. If A is a Dg-C*-algcbra then the crossed product C{GqY°^ k A becomes a 
T-C*-algcbra using the adjoint action on C{Gq) and the restriction of the given 
coaction on A. The natural map la ■ A C(Gg)™P k A is T-cquivariant and 
C*(Gg)-coHnear with respect to the coaction on the crossed product induced by 
the corepresentation Wq- 

Assume that {£, cj), F) is a D^-equivariant Kasparov A-ies^ (i3)-module which is 
essential in the sense that the *-homomorphism (j) : A ^ h{£) is nondegenerate. 
The coaction of Co(Dq) on £ is determined by a coaction of C(T) and a unitary 
corepresentation of C*{Gq). Together with <j>, this corepresentation corresponds 
to a nondegenerate H<-homomorphism ip : C(G(j)™p k A — > L(f ) which yields a T- 
equivariant Kasparov C(G<j)™p k A-i?-module {£,'iIj,F). Conversely, assume that 
{£,tp,F) is an essential T-equivariant Kasparov G(Gq)™P k A-B-module. Then tp 
is determined by a covariant pair consisting of a nondegenerate *-homomorphism 
(f) : A L(f ) and a unitary corepresentation of C*{Gq) on £. In combination with 
the given G(T)-coaction, this corepresentation determines a coaction of C'^{Dq) on 
£ such that {£, 4>, F) is a Dg-equi variant Kasparov module. The assertion follows 
easily from these observations. □ 
Before we proceed we need some further facts about the structure of g-deformations. 
Note that C{Gq) can be viewed as a T x T-G*-algebra with the action given by left 
and right translations. The G*-algebras C{Gq) assemble into a T x T-equivariant 
continuous field G = (G(Gg))gg(o,i] G*-algebras, compare [5], [37]. In particular, 
the algebra Go(G) of Co-sections of the field is a T x T-G*-algebra in a natural way. 
We can also associate equivariant continuous fields to certain braided tensor prod- 
ucts. For instance, the braided tensor products C{Gq)^Gq C{Gq) yield a continuous 
field of G*-algebras over (0, 1] whose section algebra we denote by Go(G)KgGo(G). 
This is easily seen using that C{Gq) KIg, C{Gq) = C{Gq) ® C{Gq) as G*-algebras 
and the fact that C{Gq) is nuclear for all (7 G (0, 1]. A similar argument works for 
the quantum flag manifolds C(Gq/T) instead of C{Gq). 

As a consequence of lemma 16.41 we obtain in particular that the Dirac operator on 
Gq/T determines an element in KK^{C{Gq/T) ^g, C[Gq/T) Kg, G(Gq), C) since 
we have 

G{Gqy°^ ^ A^ AMg, C{Gq) 

for every Gq-YD-algebra A by deflnition of the braided tensor product. 
In fact, these elements depend in a continuous way on the deformation parameter. 
More precisely, if we fix g S (0, 1] then the proof of proposition 16.21 shows that the 
Dirac operators on Gt/T for different values of i S [q, 1] yield an element 

[D] G KK'^{C{G/T) Kg G(G/T) G(G), G[g, 1]) 

where G(G/T) G(G/T) Kg G(G) denotes the algebra of sections of the contin- 
uous field over [g, 1] with fibers C{Gt/T) Kg, G(Gt/r) Kg, C{Gt). 
Similarly, writing G(G/T) for the algebra of sections of the continuous field over 
[q, 1] given by the Podles spheres, the induced vector bundle £k determines a class 
in KK'^{C{G/T),C{G/T)). Composition of this class with the canonical homo- 
morphism C[g, 1] -> G(G/r) yields an element in KK'^{C[q, 1], G(G/T)). 
After these preparations we prove the following main result. 
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Theorem 6.5. The Podles sphere C{Gq/T) is Gq-equivariantly Poincare dual to 
itself. That is, there is a natural isomorphism 

KK^^''-\c{Gq/T) Kg, A, B) = KK°^''-\a, G{Gq/T) B) 
for all Gq-yD- algebras A and B . 

Proof. According to proposition 16 . 21 the Dirac operator on Gq/T yields an clement 

[Dq] e KK°^^''\c{GqlT) Mg, C{Gq/T),€). Let us define a dual element 77, in 

KK^^'^-\c,C{Gq/T) Kg, C(G,/T)) by i^q = M [fo] - [^o] ^ [^^i] where we 
write Kl for the exterior product obtained in theorem 14. 101 

In order to show that rjq and [Dq] are the unit and counit of the desired adjunction 
we have to study the endomorphisms (id ^77^) o {[Dq] M id) and (77^ Kl id) o (id Kl[£'q]) 
oiC{Gq/T) in KK^'^^-'K 

First we consider the classical case q = 1. Since all C*(Gi)-coactions in the con- 
struction of [Di] and 771 are trivial it suffices to work with the above morphisms 
at the level of KK°K Due to proposition K7\ the counit e : C{Gq/T) -> C in- 
duces an isomorphism KKf^{C{Gi/T),C{Gi/T)) = KKj {C{Gi/T)X)- Hence, 
according to the universal coefficient theorem for T-equivariant ifif-theory [44] . 
in order to identify (idKlT^i) o {[Di] M id) we only have to compute the action of 
(idK77i) o {[Di] id) o e on K^{C{Gi/T)). Using proposition [Ql we obtain 

[So] o (idKlT^i) o ([Di] Klid) oe = [E^] o (idS77i) o (id Hid He) o [Di] 

- (([fo] ^ [£-i]) o [Di]) H [Co] - ([5o] ^ [fo]) o [Di]) M [Ci] = [Co] 

in K'^iC) = R{T). Similarly one checks [£i] o (idH?7i) o {[Di] H id) o e = [Ci]. 
This impHes (idHT^i) o {[Di] H id) = id since [^o] and [£i] generate K'^{Gi/T) = 
'S)R(Gi) R{T) due to McLeod's theorem [32j. In a similar way one shows 
(771 H id) o (idH[£'i]) = id. As already indicated above, we conclude that these 
identities hold at the level of KK^'-'^^^ as well. 

For general q G (0, 1] we observe that the Drinfeld double D(Gg) is coamenable 
and recall that D(r, G^) C D(Gq) is a cocompact quantum subgroup. According 
to proposition [¥?71 this implies 

KK°^'^"\G{GqlT),G{Gq/T)) = KK^^^-^'\G{Gq/T),C) 

smce G{Gq/T) = ind^J^'^ (C). Moreover, due to lemma [Ql we have 

D(i ,Gg) 

KK^'^^^^-\C{Gq/T),C) = KKj{C{Gq/T) Hg, G(G,),C) 

using G(G,)™P K C{Gq/T) = C{Gq/T) Hg, G(G,). Recah that T acts by conjuga- 
tion on the copy of C{Gq). 

The element in KKj {C{GqlT)MG,C{Gq),<C) corresponding to (id ^77^)0 ([£),] Hid) 
is given by 

6q = (id H77q H id) o {[Dq] H id H id) o (e H id) o e. 

We observe that the individual elements in this composition assemble into KK^- 
classes for the corresponding continuous fields over [q, 1]. 

Let us denote by c, e E^{C{Gi/T) Mg, C{Gi),C{Gq/T) Hg, G(G,)) the E- 
theoretic comparison element for the field G(G/T) Hq G(G) over [(7,1]. Using 
again the universal coefficient theorem for T-equivariant KK-thcoTy we obtain a 
commutative diagram 

G(Gi/T) Hg, G(Gi) C{Gq/T) Hg, G(G,) 



• > 

C- 



id 



<5, 

C 



30 



RYSZARD NEST AND CHRISTIAN VOIGT 



in KK^ where Cq is an isomorphism. Moreover, due to our previous considerations 
in the case q = 1 we have 5i = {eM id) o e. This imphes 5q~{eM id) o e and hence 
{idMriq) o {[Dq] K id) = id in KK^^'^iK In a similar way one obtains {rjq K id) o 
(idH[Dg]) = id in KK^^'^'^\ According to the characterization of adjoint functors 
in terms of unit and counit this yields the assertion. □ 
As a corollary we determine the equivariant if -homology of the Podles sphere. 

Corollary 6.6. For the standard Podles sphere C{Gq/T) we have 

KK^'{CiGq/T)X) = R{Gq)(3RiGq), KK^' {G{GqlT),£) = 0. 

Let us also discuss the following result which is closely related to theorem 16.51 

Theorem 6.7. The standard Podles sphere G{Gq/T) is a direct summand o/C©C 
in KK^^^"^ . 

Proof. Let us consider the elements a, G KK°^^'\G{Gq/T),C ® C) and /3q G 
KK°'-^\C © C, GiGq/T)) given by 

aq = [D] (B[D<» (3q = (-[fi]) © [So], 

respectively. Following the proof of theorem 16.51 we shall show aq o = id. 
Consider first the case (7=1. All C*(Gi)-coactions in the construction of ai and 
/3i are trivial, and it suffices to check ai o /3i = id in KK^' {G{Gi/T),G{Gi/T)). 
Using KK^'{G{Gi/T),GiGi/T)) ^ KKf{G{Gi/T),C) and the universal coef- 
ficient theorem for KK^ we only have to compare the corresponding actions on 
K'^{G{Gi/T)). One obtains 

[£q\ o q;i o /3i o e = [£q\ o[D ® o o e - [£q\ o [D] o [£i] o e 

= [So] o [D © = [Co] 

in i?(T) due to proposition 16.31 and similarly [£i] o ai o Pi o e ~ [Ci]. Taking into 
account McLcod's theorem [31] this yields the assertion for g = 1. 
For general q E (0,1] we recall 

KK^^''^\G{Gq/T),G{Gq/T)) = KKj{G{Gq/T) He, G{Gq),C) 

and notice that the elements corresponding to at o fit for t G [q, 1] assemble into a 
class in KK'^ {G{G /T) Kg C'(G), G[q, 1]). The comparison argument in the proof 
of theorem 16.51 carries over and yields aqO [3q = id in KK^^'^'^\ □ 
On the level of Gq-equivariant Kasparov theory one can strengthen the assertion of 
theorem 16.71 as follows. 

Proposition 6.8. The standard Podles sphere G(Gq/T) is isomorphic to C©C in 

Proof. We have already seen that the elements aq and (3q defined in theorem 16.71 
satisfy aqO [5q = id in KK^^'^''\ hence this relation holds in KK'^i as well. Using 
proposition 16.31 one immediately calculates PqO aq ^ id in KK'~^'> . □ 
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